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The correlated fermionic many-particle system, near infinite scattering length, reveals an under-
lying Heisenberg symmetry in one dimension, as compared to an SO(2, 1) symmetry in two dimen-
sions. This facilitates an exact map from the interacting to the non-interacting system, both with
and without a harmonic trap, and explains the short-distance scaling behavior of the wave-function.
Taking advantage of the phenomenological Calogero-Sutherland-type interaction, motivated by the
density functional approach, we connect the ground-state energy shift, to many-body correlation
effect. For the excited states, modes at integral values of the harmonic frequency ω, are predicted
in one dimension, in contrast to the breathing modes with frequency 2ω in two dimensions.
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The behavior of interacting systems in one spatial di-
mension (1-D) [1], with increased correlation and fluctu-
ations [2] shows significant differences with their higher
dimensional counterparts, which is particularly predom-
inant in the unitary regime [3], characterized by infinite
scattering length a. The scattering cross-section in 1-D
behaves as [4],
σ(k) ∝ 1
1 + k2a2
,
vanishing at unitarity. In contrast, for 3-D with σ(k) ∝
a2/
[
1 + k2a2
] a→∞−−−→ 1/k2, the behavior is solely deter-
mined by the relative momentum, k = |~k| [5]. The latter
case has been realized recently in dilute Fermi gases [6],
wherein unitarity was achieved through Feshbach reso-
nance [5, 7], by tuning the relative scattering energy close
to that of a bound state by an external magnetic field,
leading to a substantial resonant scattering [8]. A hall-
mark feature of such systems is that the pairing corre-
lations have a range shorter than the de Broglie wave-
length, leading to significantly novel behavior [9, 10].
The lack of a small parameter at unitarity poses
a challenging problem in understanding the structure
of many-body wave-functions and the associated bound
states. In 3-D, the only available length scale in the
ground state is the inter particle spacing, n−1/3, where
n is the density, since a must drop out from all physical
observables. This ensures Universality for both bosons
and fermions, with only relevant energy scale being the
Fermi energy ǫF . The ground-state energy ǫ0 of the uni-
tary fermions has to then scale as ξǫF [11], where the
parameter ξ does not depend on the specific form of the
short range potential. In the molecule formation regime,
with singular wave-functions, it is same for all potentials,
having an s-wave bound state. Understanding the origin
of such scaling behavior is of prime importance, as it ap-
pears in various branches of physics, such as the gravity
side of AdS/CFT correspondence [12].
From the theoretical view point, a careful inspec-
tion [13] of the short distance behavior of the two-body
wave-function ψ, in the unitary regime, shows a scaling
behavior [14],
Qψ = γψ, Q =
N∑
i=1
ri · ∇i, (1)
where γ is the scaling exponent, brought out by the Euler
operator Q. Thus, at unitarity, the short-range behav-
ior of the wave-function is mononomial, with each coor-
dinate having same exponent γ, and none other, which
represents Universal inter-particle correlation. A scal-
ing Hamiltonian of the form H → λ−2H , correspond-
ing to the scale transformation x→ λx, possesses wave-
functions transforming as Ψ(λx) → λγΨ(x) [14]. The
potential has to scale as V (λx) = λ−2V (x), which, for
unitarity, additionally needs to be short-ranged corre-
sponding to infinite scattering length [15].
The scaling Hamiltonian has been shown to have
SO(2, 1) Lorentz symmetry [16] in a harmonic trap, lead-
ing to Universal scaling of the ground-state energy [17]:
ǫ0 =
(
γ +
N
2
d
)
~ω, (2)
for any short-range interaction in d-dimensions. Such
weakly interacting particles can show several new fea-
tures. In 2-D, such a system can host additional breath-
ing modes with universal frequency 2ω [16, 18, 19]. The
physical origin of the ‘shift’ part γ~ω is of prime impor-
tance. Interestingly, this shift corresponds to the short-
2ranged interaction, that identically yields scaling behav-
ior with exponent γ.
The goal of this paper is to investigate the unitary
Fermi gas in 1-D. We confine ourselves to the correlated
systems away from the domain of molecule formation.
It is observed that the underlying algebraic structure is
of Heisenberg-type, as compared to the SO(2, 1) sym-
metry of 2-D. This allows for an exact map from the
interacting to the non-interacting system, both in pres-
ence and absence of a harmonic trap and explicates the
short-distance scaling behavior of the wave-function. The
Heisenberg symmetry depicts the harmonic motion of the
center of mass with frequency ω [20], the radial 2ω mode
obeying SO(2, 1) algebra, together with angular modes
having frequency in integral multiples of same ω There
have been several works in recent literature, which sug-
gest a number of universal features connecting interact-
ing and non-interacting regimes [14, 21–25]. Motivated
by the results of density functional treatment of unitary
fermions [26], the phenomenological Calogero-Sutherland
(C-S) type inverse-square interaction [27] is considered,
to illustrate the effect of correlation and scaling to the
ground-state energy-shift γ~ω. The scaling exponent
γ will be related to pair-wise correlation, arising from
Jastrow-type wave-functions, away from the molecule-
formation regime.
As noted earlier, one-dimensional systems are spe-
cial as in 1-D, fermionic fields can be written in terms
of bosonic variables, and interacting bosonic systems like
Tonk-Girardeau gas show fermionic behavior [28]. The
vanishing of σ(k) in 1-D unitarity systems, with short-
range interaction, implies free particles with arbitrary
energy. Furthermore, there is no angular degrees of free-
dom. It is, therefore, expected that collective modes in
1-D will show unique characteristics. Particles are ex-
pected to resonate independently under external periodic
influence.
In the presence of a generic potential V ({xi}), scal-
ing like the kinetic energy, a formal equivalence, between
the interacting system and the non-interacting one, can
be established exactly. Consider the N -body Hamilto-
nian in a harmonic trap,
HT = −1
2
∑
i
d2
dx2i
+ V ({xi}) + 1
2
ω2
∑
i
x2i , ~ = 1 = m.
A similarity transformation with exp
{
(ω/2)
∑
i x
2
i
}
, de-
couples the center of mass motion [16, 29], leaving,
H¯ = exp
(
ω
2
∑
i
x2i
)
HT exp
(
−ω
2
∑
i
x2i
)
= A+ ω
∑
i
Di +
ω
2
N ; (3)
A := −1
2
∑
i
d2
dx2i
+ V ({xi}).
The identity [30],
∑
i
x2i = NR
2 + r2, (4)
separates center of mass and ‘radial’ coordinates, R =
(1/N)
∑
i xi and r
2 = (1/N)
∑
i<j (xi − xj)2 respec-
tively. Thus, H¯ represents a disjoint Hilbert space sec-
tor of the initial system (HT ), representing the radial
and N − 2 ‘angular’ degrees of freedom in the configu-
ration space. These excitations together will be shown
to arise from the Heisenberg algebra. Physically, the
long-range aspects, imposed by the harmonic trap, are
removed by this ‘Gaussian’ transformation, leaving-out
the short-range ones, represented through V ({xi}). An-
other such transformation with exp{−A/2ω} removes the
effect of local correlation, leaving out only the ‘Universal’
scaling nature, through the non-interacting Hamiltonian,
HS = exp
(
− 1
2ω
A
)
H¯ exp
(
1
2ω
A
)
≡ ω
∑
i
Di +
ω
2
N. (5)
Here Di = xi
d
dxi
is the Euler operator, bringing out the
scaling nature of the system, owing to V ({xi}). At the
level of HS , the eigenfunctions are symmetric, character-
ized by their degree. Particularly, identifying the canon-
ical pair of operators
(
xi,
d
dxi
)
, the ground-state can be
defined as ddxiφ0 = 0. The 1-D space allows for sym-
metric excited states of the form
∏N
l (xi)
nl , formed by
Cartesian particle coordinates xi. The resultant spec-
trum ω
∑
l nl + E0 now has spacing ω. It needs to be
emphasized that this formal algebraic approach needs
careful implementation, considering the required square-
integrability of the wave-functions.
For demonstrating the fact that, the scaling symme-
try of the system directly implies the underlying Heisen-
berg algebra, another set of similarity transformations
leads to the Hamiltonian,
HO = GFHSF
−1G−1 ≡ −1
2
∑
i
d2
dx2i
+
ω2
2
∑
i
x2i ; (6)
G = exp
(
−ω
2
∑
i
x2i
)
, F = exp
(
− 1
4ω
∑
i
d2
dx2i
)
,
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FIG. 1: Plots of solutions of the Laplaces equation in
one dimension in comparison with r−2 interaction.
representing N decoupled oscillator modes of Universal
frequency ω.
As an explicit example with exact scaling symmetry,
and to illustrate the exact role of ground-state correla-
tion, thereby defining the Hilbert space of the system,
we consider the short-range Calogero-Sutherland poten-
tial [27],
VCS({xi}) = g
2
2
N∑
i>j
1
|xi − xj |2 . (7)
It is worth noting that a systematic many-body treat-
ment has generated this type of interaction in the density
functional approach [26]. An x−2 potential is relatively
shorter than the Coulomb interaction in 1-D, the latter
being linear in x (Fig. 1). In generic d dimensions, any
interaction with range shorter than x−d can be consid-
ered to be short ranged [31].
In the case of VCS , the ground-state wave-function
of the total Hamiltonian HT takes the form [16, 27],
Ψ0({xi}) ≡
∏
i>j
|xi − xj |α exp
(
−ω
2
2
∑
k
x2k
)
, (8)
α =
1
2
(
1 +
√
1 + 4g2
)
,
of the Laughlin-type [32], where the Jastrow-type contri-
bution ψ0 =
∏
i>j |xi − xj |α [33], represents the ground-
state of the transformed Hamiltonian H¯. The latter
uniquely represents the non-trivial pairing correlations.
The Jastrow function, with scaling ‘degree’ αN(N−1)/2,
is known to be non-singular in the dimerization regime
and was realized earlier [21, 27], as a part of the exact
solution for many-particle systems with x−2 interactions.
For the sake of completeness, we note that for
molecule formation, the 1-D unitary three-body prob-
lem in a trap can be modeled by the following contact
conditions on the wave-function,
ψ(x1, x2, x3) =
(
1
xij
− 1
a
)
A(Xij , rk) +O(xij),
in the limit xij ≡ |xi−xj | → 0 taken for fixed positions of
the other particle k and of the center of mass Xij of i and
j. For A 6= 0, the wave-function is singular at xij = 0,
yet normalizable, suggesting molecule formation. How-
ever, for the class of wave-functions in Eq. 8 represent-
ing short-range interaction, A = 0, exclusively marking
dimerization. The wave-function is now well-behaved ev-
erywhere, including xij → 0, where it vanishes, much like
the non-interacting fermions or hard-core bosons. The
density of states here is high, owing to the Heisenberg
degeneracy.
The Heisenberg symmetry of the C-S system can
be extracted through transforming the total Hamiltonian
with respect to Ψ0, yielding [21],
H˜ = −1
2
∑
i
d2
dx2i
− α
∑
i6=j
xi − xj
|xi − xj |2
d
dxi
− ǫ0, (9)
with ground-state energy ǫ0 [21, 34] that can be expressed
as,
ǫ0 =
[
1
2
αN(N − 1) + 1
2
N
]
ω. (10)
On comparison with Eq. 2, in 1-D, the scaling parameter
of Eq. 1 can now be identified as: γ = αN(N − 1)/2
for the C-S model [21]. The identification
∑
i<j ninj =
N(N − 1)/2 [35] ensures inter-particle correlation as the
origin of this shift, under scaling symmetry.
The Heisenberg symmetry in the C-S system was
directly illustrated, through further similarity transfor-
mations, yielding [21],
HD =
ω
2
∑
i
{
a−i , a
+
i
}
+ ǫ0 − ω
2
N, (11)
with suitable definitions of the operators a±i . The sys-
tem can be expressed as N non-interacting oscillators of
frequency ω, with exact shift γ~ω in the ground-state en-
ergy [21], which was not observed in earlier works [14, 16].
With the ground-state energy removed, through similar-
ity transformations, the first term on the RHS represents
excited states, spaced by ω. Further, overlooking spin de-
generacy, the Fermi energy of N non-interacting fermions
in a harmonic trap, having spectrum given by Eq. 11 is
ǫF = Nω. Thus, for C-S model, ǫ0 = ξǫF , with Univer-
sal scaling ξ = (1/2) [1 + α(N − 1)], similar to Ref. [11]
in 3-D. This is also expected from the Universal propor-
tionality of C-S partition funtion with the N-fermion one
[35].
4In the absence of a trap, equivalence between
fermions, with interaction of the C-S type, and decou-
pled ones can be achieved by making use of two different
SU(1, 1) algebras,
[T+, T−] = −2ωT0 , [T0, T±] = ±T±; (12)
T0 = −1
2
∑
i
Di − ǫ0
2
, T− =
ω
2
∑
i
x2i ,
T+ =
{
1
2
∑
i
d2
dx2
i
+ α
∑
i>j
1
xi−xj
d
dxi
1
2
∑
i
d2
dx2
i
,
corresponding to interacting and non-interacting sys-
tems, respectively. This owes to the special property of
the Euler operator, allowing combination of operators,
scaling with same degree, to form a new algebra. The
above generators obtained, after performing certain sim-
ilarity transformations, are tailor made for the class of
wave-functions of Eq. 8 in the scaling regime and are
slightly different from Ref. [16] in form. In particular, our
algebra is valid near the infinite scattering limit, where
the scaling law of Eq. 1 comes in to effect.
The C-S Hamiltonian without any confinement,
HCS = −1
2
∑
i
d2
dx2i
+
g2
2
∑
i>j
1
|xi − xj |2 ,
can be mapped to a free system [37], through the follow-
ing similarity transformation,
Hfree = e
η
∑
i x
2
i eβBΨ−10 HCSΨ0e
−βBe−η
∑
i x
2
i
≡ ∓
√
1 + ω2
(∑
i
Di + ǫ0
)
; (13)
B := 1
2
∑
i
d2
dx2i
+ α
∑
i6=j
1
xi − xj
d
dxi
,
β =
1
ω2
(
1±
√
1 + ω2
)
, η = ± ω
2
4
√
1 + ω2
.
Here τ = 1/ω defines a suitable time-scale for the system,
inherent to C-S model with underlying SO(2, 1) symme-
try of Eq. 12, with or without the Harmonic trap. This
shows that the shift γ/τ , in ǫ0, is purely due to N -particle
correlation.
It is to be noted that the wave-functions of this
‘free’ Hamiltonian are highly correlated ones. This sys-
tem obeys fractional statistics [36], and more specifically,
fractional exclusion statistics [38–40]. Universality of the
degenerate gas on the other hand, suggests that the scal-
ing exponent γ is independent of the specific statistics of
the system. Nevertheless, at unitarity, it might be useful
to model the interaction as coming from fractional exclu-
sion statistics and intriguingly, the estimates for energy
per particle are in good agreement with Monte-Carlo sim-
ulations [38].
This Universal shift of the ground state energy re-
lates well with the recent correspondence between non-
relativistic conformal systems and their gravity duals
[23, 41]. Each value of the scaling exponent is in general
related to the dimension of primary operators [23, 42].
For two particles of opposite spins, γ can take values 0
or −1 [17], which means α takes exactly the same val-
ues. For the case of three particles γ ≈ 0.22728 and
α = 0.07576. Since, both the SU(1, 1) algebras in Eq.
12 can be embedded in the Schro¨dinger algebra, the ex-
act map we constructed, confirms the duality between
free and unitary fermions envisaged in [23], which was
originally argued based on insights from the AdS/CFT
correspondence [43] regarding the existence of a pair of
non relativistic conformal field theories with operators of
different dimensions. These features continue to hold for
the C-S type of models, as emphasized in [44]. Further,
this duality is general to any short-range potential, in
appropriate dimensions, satisfying Eq. 1.
In conclusion, it has been shown that, an one-
dimensional N-body interacting system at unitarity, with
or without trap, exactly maps to a non-interacting one,
respecting Heisenberg algebra. The generator of the
transformation being the scaling operator, it is neces-
sary that the system is scale-covariant. This corresponds
to homogeneous polynomial wave-functions, exclusively
representing the dimerization regime. The underlying
algebra establishes the existence of an ω breathing mode
in 1-D, not observed in earlier literature. Also, the shift
in the ground state energy due to scaling properties, rep-
resents the role of correlation in 1-D. Further, the possi-
bility of exclusion statistics of the fermions near unitarity
is pointed out, which is due to the x−2 type short-range
interaction, supported by Monte Carlo simulations.
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